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RELATIVE HOMOLOGY AND GORENSTEIN FLAT DIMENSION
SEAN SATHER-WAGSTAFF, TIRDAD SHARIF, AND DIANA WHITE
Abstract. We use the machinery of relative homological algebra to study
modules of finite Gorenstein flat dimension.
Introduction
Convention. In this paper R is a commutative noetherian ring with nonzero
identity, M(R) is the class of (unital) R-modules, and X is a class of R-modules.
The point of this paper is to investigate the R-modules of finite Gorenstein flat
dimension through the methods of relative homological algebra. (See Section 1 for
background information.) The basic idea is not a new one: if an R-module M
admits a “proper X -resolution” X → M , then X is uniquely determined up to
homotopy equivalence. This implies that the functors TorXi (M,−) := Hi(X ⊗R −)
and ExtiX (M,−) := H
i(HomR(X,−) are well-defined. These functors provide non-
trivial information about howM interacts with the class X . For instance, vanishing
of these functors can characterize whenM admits a bounded resolution by modules
in X . Motivating examples of this are in [3, 12, 16]; see also [21, 22].
Each of the above cited examples focuses primarily on deriving traditionally:
one uses classes of projective-like modules for Ext, and flat-like modules for Tor.
However, such restrictions are not required, as one sees in [1] where Exti
F
(M,−) is
studied for the class F of flat R-modules.
The current paper considers a similar construction ExtiGF(M,−) where GF(R)
is the class of Gorenstein flat modules. Section 2 develops the foundations of
ExtiGF(M,−). For instance, we prove the following result showing that the van-
ishing of ExtiGF(M,−) detects finiteness of GfdRM . Given the fact that we are
deriving Hom in a non-traditional fashion, this result may be somewhat surprising.
Theorem 2.7. For an R-module M and an integer g > 0, the following conditions
are equivalent:
(i) GfdRM 6 g;
(ii) ExtnGF(M,−) = 0 for each n > g;
(iii) Extg+1GF (M,−) = 0;
(iv) For each Gorenstein flat resolution G → M and each integer n > g the
cokernel ΩnG is Gorenstein flat;
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(v) M admits a proper Gorenstein flat resolution G → M such that the cokernel
ΩgG is Gorenstein flat.
We also study some aspects of TorGFi (M,−) in this section.
From [17], we know that the class CF(R) of cotorsion R-modules of finite flat
dimension is useful for studying Gorenstein flat dimension. In Section 3, we prove
the following approximation result, a` la [2, 17].
Theorem 3.1. If M is an R-module with GfdRM <∞, then M has a monic CF-
preenvelope ϕ : M → K such that fdRK = GfdRM and cokerϕ is Gorenstein flat.
We use this result in two distinct ways.
First, in Section 3 we study some base-change behavior of Gorenstein flat dimen-
sion and the associated relative (co)homology functors. In particular, we provide a
counterexample to (and corrected versions of) two results of [20].
Second, in Section 4 we study the homological dimension CF-idRM and the
relative derived functors ExtiCF(−,M) defined in terms of (proper) CF coresolutions
of M . For instance, we use these functors to characterize cotorsion properties of
modules of finite Gorenstein flat dimension.
Theorem 4.3. Let M be an R-module with GfdRM <∞, and let p ∈ N be given.
(a) The module M is p-cotorsion with fdRM < ∞ if and only if Ext
n
CF(G,M) =
0 = ExtnR(G,M) for n > p and each G ∈ GF(R).
(b) Then M is strongly p-cotorsion with fdRM <∞ if and only if Ext
n
CF(N,M) =
0 = ExtnR(N,M) for n > p and for each R-module N with GfdRN <∞.
The paper concludes with a brief discussion of the relation between the “large
restricted injective dimension” of M and GidRM .
1. Prerequisites
Here we outline foundational notions used throughout the paper.
Definition 1.1. In this paper, R-complexes (a.k.a., chain complexes of R-modules)
are indexed homologically
X = · · · → Xℓ+1
∂X
ℓ+1
−−−→ Xℓ
∂X
ℓ−−→ Xℓ−1 · · ·
except where we specify otherwise. A morphism X → Y between R-complexes is
another word for “chain map”.
In this paper cotorsion modules play a major role.
Definition 1.2. An R-module K is n-cotorsion if ExtiR(F,K) = 0 for each i > n
and each flat R-module F , and K is strongly n-cotorsion if ExtiR(X,K) = 0 for
each i > n and each R-module X of finite flat dimension. The terms cotorsion and
strongly cotorsion are used for the case n = 0. We use the notation CF(R) for the
class of R-modules consisting of the cotorsion modules of finite flat dimension.
Remark 1.3. An R-moduleM is in CF(R) if and only if there is an exact sequence
0→ Fn → · · · → F0 →M → 0
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such that each Fi is flat and cotorsion, by [23, Proposition 4.6].
The primary focus of this paper is relative homology with respect to the class of
Gorenstein flat modules, as introduced by Enochs, Jenda, and Torrecillas [11, 14].
Definition 1.4. An exact complex F of flat R-modules is a complete flat resolution
if J⊗RF is exact for each injective R-module J . An R-module is Gorenstein flat if
it is a cokernel of a complete flat resolution. The class of Gorenstein flat R-modules
is denoted GF(R).
An exact complex E of injective R-modules is a complete injective resolution if
HomR(J,E) is exact for each injective R-module J . An R-module is Gorenstein
injective if it is a cokernel of a complete injective resolution. The class of R-
Gorenstein injective R-modules is denoted GI(R).
The notions of (pre)covers and (pre)envelopes were defined by Enochs in [8]. For
more information see [24].
Definition 1.5. An R-module homomorphism ϕ : X → M with X ∈ X is an
X -precover if, for each Y ∈ X , the following map is surjective:
HomR(Y, ϕ) : HomR(Y,X)→ HomR(Y,M).
An X -precover ϕ : X → M is an X -cover if every endomorphism f : X → X such
that ϕf = ϕ is an automorphism.
A homomorphism ϕ : M → X with X ∈ X is an X -preenvelope of M if, for each
Y ∈ X , the following map is surjective:
HomR(ϕ, Y ) : HomR(X,Y )→ HomR(M,Y ).
An X -preenvelope ϕ : M → X is an X -envelope if each endomorphism f : X → X
such that fϕ = ϕ is an automorphism.
Remark 1.6. If X contains all projective R-modules, then every X -precover is
surjective. On the other hand, if Y is a class of R-modules containing all injective
R-modules, then every Y-preenvelope is injective. For instance, this applies when
X = GF(R) and Y = GI(R).
Definition 1.7. We write pd for projective dimension, fd for flat dimension, and
id for injective dimension. A Gorenstein flat resolution of an R-module M is a
complex of Gorenstein flat modules
G : · · · → Gg → · · ·G1 → G0 → 0
with an augmentation map G0 →M such that the augmented complex
G+ : · · · → Gg → · · ·G1 → G0 →M → 0
is exact. A projective or flat resolution of M is a Gorenstein flat resolution. We
write G→M to denote a Gorenstein flat resolution of M , and we set
GfdRM = inf{sup{i > 0 | Gi 6= 0} | G→M is a Gorenstein flat resolution}.
The notions of Gorenstein injective resolution and CF coresolution are dual, with
GidRM = inf{sup{i > 0 | G−i 6= 0} |M → G is a Gorenstein injective resolution}
CF-idRM = inf{sup{i > 0 | G−i 6= 0} |M → G is a CF coresolution}.
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Definition 1.8. A complex X of R-modules is GF-exact if HomR(G,X) is homo-
logically trivial for each G ∈ GF(R). Since R is in GF(R), each GF-exact complex
is exact. A proper Gorenstein flat resolution of an R-moduleM is a Gorenstein flat
resolution G of M such that the augmented complex G+ is GF-exact. The notions
of CF-coexact and proper CF coresolution are defined dually.
Remark 1.9. From [13, 3.3] we know that every R-module has a GF-cover. Hence,
every R-module has a proper Gorenstein flat resolution. From [4, Theorem 3]
we know that every R-module M has a flat cover F
φ
−→ M , and Wakamatsu’s
Lemma [12, 7.2.3] implies that Ker(φ) is cotorsion. In particular, if M is cotorsion,
then F ∈ CF(R).
The next results indicate the power of proper resolutions. The proofs are nearly
identical to those of [3, (4.3) and (4.5)], so we omit them here; see also [16, (2.2)].
Lemma 1.10. Let M,M ′ be R-modules and assume that M ′ admits a proper
Gorenstein flat resolution γ′ : G′ →M ′. Fix a Gorenstein flat resolution γ : G→M
and projective resolutions pi : P →M and pi′ : P ′ →M ′.
(a) There exist morphisms of complexes φ : P → G and φ′ : P ′ → G′ such that
pi = γφ and pi′ = γ′φ′. The morphisms φ and φ′ are unique up to homotopy.
(b) For every homomorphism µ : M → M ′ there is a morphism of complexes
µ˜ : G → G′, unique up to homotopy, making the right-hand square of the fol-
lowing diagram commute.
P
φ
//
µ

G
γ
//
µ˜

M
µ

P ′
φ′
// G′
γ′
// M ′.
For each such µ˜ there exists a morphism µ : P → P ′, unique up to homotopy,
making the left-hand square of the diagram commute up to homotopy. If µ =
idM and G is also proper, then µ˜ and µ are homotopy equivalences.
Lemma 1.11. Let 0 → M
µ
−→ M ′
µ′
−→ M ′′ → 0 be a GF-exact sequence of R-
modules. Fix proper Gorenstein flat resolutions γ : G→M and γ′′ : G′′ →M ′′, and
fix projective resolutions pi : P →M and pi′ : P ′′ →M ′′. There exists a commutative
diagram of morphisms
0 // P
φ

µ
// P ′
φ′

µ′
// P ′′ //
φ′′

0
0 // G
γ

µ˜
// G′
µ˜′
//
γ′

G′′ //
γ′′

0
0 // M
µ
// M ′
µ′
// M ′′ // 0
where the top and middle rows are degreewise split exact, γ′ is a proper Gorenstein
flat resolution, pi′ = γ′φ′ is a projective resolution, and pi = γφ and pi′′ = γ′′φ′′.
The following tools of Christensen, Foxby and Frankild [6, 15] are useful for
tracking Gorenstein homological dimensions.
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Definition 1.12. Let M be an R-module. The large restricted flat-dimension and
large restricted injective-dimension of M are
RfdRM = sup{i | Tor
R
i (L,M) 6= 0 for some R-module L with fdR L <∞}
RidRM = sup{i | Ext
i
R(T,M) 6= 0 for some R-module X with pdRX <∞}.
2. Relative Homological Algebra with Gorenstein flat Modules
In this section we investigate relative homological algebra with respect to the
class of Gorenstein flat modules in the sense of Eilenberg and Moore [7] and Enochs
and Jenda [12].
Definition 2.1. LetM,M ′, N,N ′ be R-modules such thatM andM ′ admit proper
Gorenstein flat resolutions G → M and G′ → M ′. For each n ∈ Z and every R-
module N , we consider the n-th relative cohomology modules
ExtnGF(M,N) = H
n(HomR(G,N)) = H−n(HomR(G,N))
TorGFn (M,N) = Hn(G⊗R N).
For eachR-linear map µ : M →M ′, let µ˜ : G→ G′ be a morphism as in Lemma 1.10.
Applying the functors HomR(−, N) and − ⊗R N to µ˜ and taking homology yield
homomorphisms
ExtnGF(µ,N) : Ext
n
GF(M
′, N)→ ExtnGF(M,N)
TorGFn (µ,N) : Tor
GF
n (M,N)→ Tor
GF
n (M
′, N).
Furthermore, an R-linear map τ : N → N ′ gives rise to more homomorphisms
ExtnGF(M, τ) : Ext
n
GF(M,N)→ Ext
n
GF(M,N
′)
TorGFn (M, τ) : Tor
GF
n (M,N)→ Tor
GF
n (M,N
′).
Remark 2.2. Continue with the notation of Definition 2.1. By Lemma 1.10 the
modules ExtnGF(M,N) and Tor
GF
n (M,N) are independent of the choice of resolu-
tion and that the homomorphisms ExtnGF(µ,N) and Tor
GF
n (µ,N) are independent
of the resolutions and lifts chosen. It is straightforward to show that the maps
ExtnGF(M, τ) and Tor
GF
n (M, τ) are well-defined as well. Furthermore, it is not dif-
ficult to check that these constructions are functorial and compatible, in the sense
that the following diagrams commute
ExtnGF(M
′, N)
ExtnGF(M
′,τ)

ExtnGF(µ,N)
// ExtnGF(M,N)
ExtnGF(M,τ)

ExtnGF(M
′, N ′)
ExtnGF(µ,N
′)
// ExtnGF(M,N
′)
TorGFn (M,N)
TorGF
n
(M,τ)

TorGF
n
(µ,N)
// TorGFn (M
′, N)
TorGF
n
(M ′,τ)

TorGFn (M,N
′)
TorGF
n
(µ,N ′)
// TorGFn (M
′, N ′).
Proposition 2.3. Let n > 0.
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(a) The constructions described above give well-defined additive functors
ExtnGF(−,−) : M(R)
op ×M(R)→M(R)
TorGFn (−,−) : M(R)×M(R)→M(R).
(b) For all R-modules M and N , there are natural isomorphisms Ext0GF(M,N)
∼=
HomR(M,N) and Tor
GF
0 (M,N)
∼=M ⊗R N .
Proof. Part (a) follows from Remark 2.2, and part (b) is a consequence of the left
and right exactness of Hom and tensor product, respectively. 
Our next results describe exactness properties for these functors as in [3].
Proposition 2.4. Given an R-module M and a GF-exact sequence of modules
0→ N2
α2−→ N1
α1−→ N0 → 0 there is a long exact sequence
· · ·ExtnGF(M,N2)→ Ext
n
GF(M,N1)→ Ext
n
GF(M,N0)
ϑn
MN−−−→ Extn+1GF (M,N2) · · ·
where the unmarked maps are ExtnGF(M,α2) and Ext
n
GF(M,α1), respectively. This
sequence is natural in both arguments, in the following sense.
(a) Given an R-module homomorphism µ : M →M ′, the next diagram commutes
· · ·ExtnGF(M,N2)

// ExtnGF(M,N1)

// ExtnGF(M,N0)

// Extn+1GF (M,N2) · · ·

· · ·ExtnGF(M
′, N2) // Ext
n
GF(M
′, N1) // Ext
n
GF(M
′, N0) // Ext
n+1
GF (M
′, N2) · · ·
where each vertical map is the appropriate ExtiGF(µ,Nj).
(b) Given a commutative diagram with both rows GF-exact
0 // N2 //
β2

N1 //
β1

N0 //
β0

0
0 // N ′2 // N
′
1
// N ′0 // 0
the following diagram commutes
· · ·ExtnGF(M,N2) //

ExtnGF(M,N1) //

ExtnGF(M,N0) //

Extn+1GF (M,N2) · · ·
· · ·ExtnGF(M,N
′
2) // Ext
n
GF(M,N
′
1) // Ext
n
GF(M,N
′
0) // Ext
n+1
GF (M,N
′
2) · · ·
where each vertical map is the appropriate ExtiGF(M,βj).
Proof. Let G→M be a proper Gorenstein flat resolution. Since the given sequence
is GF-exact the following sequence of morphisms is exact.
0→ Hom(G,N2)
HomR(G,α2)
−−−−−−−−→ HomR(G,N1)
HomR(G,α1)
−−−−−−−−→ HomR(G,N0)→ 0
The associated long exact sequence is the desired one.
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(a) Let G′ → M ′ be a proper Gorenstein flat resolution and µ˜ : G → G′ a
morphism as in Lemma 1.10. The desired diagram comes from taking the long
exact sequences of the rows of the following commutative diagram
0 // Hom(G,N2)
Hom(G,α2)
//

Hom(G,N1)

Hom(G,α1)
// Hom(G,N0) // 0
0 // Hom(G′, N2)
Hom(G′,α2)
// Hom(G′, N1)
Hom(G′,α1)
// Hom(G′, N0) // 0
where each vertical map is the appropriate Hom(µ˜, Nj).
(b) The desired diagram comes from the following one
0 // Hom(G,N2)

Hom(G,α2)
// Hom(G,N1)

Hom(G,α1)
// Hom(G,N0) //

0
0 // Hom(G,N ′2)
Hom(G,α′2)
// Hom(G,N ′1)
Hom(G,α′1)
// Hom(G,N ′0) // 0
where each vertical map is the appropriate Hom(M,βj). 
Proposition 2.5. Fix an R-module M and a short exact sequence of R-modules
0→ N2
α2−→ N1
α1−→ N0 → 0 such that, for each G ∈ GF(R), the tensored sequence
0→ G⊗R N2 → G⊗R N1 → G⊗R N0 → 0
is exact. (For instance, this holds when the sequence is split exact or when N0 has
finite injective dimension.) There is a long exact sequence
· · ·TorGFn (M,N2)→ Tor
GF
n (M,N1)→ Tor
GF
n (M,N0)
̟n
MN−−−→ TorGFn+1(M,N2) · · ·
where the unmarked maps are TorGFn (M,α2) and Tor
GF
n (M,α1), respectively. This
sequence is natural in both arguments as in Proposition 2.4.
Proof. When N0 has finite injective dimension, one has Tor
R
1 (G,N0) = 0 for each
G ∈ GF(R) by [17, (3.13)], so the tensored sequence is exact in this case. The
remainder of the proof is similar to that of Proposition 2.4. 
Proposition 2.6. Let 0 → M
µ
−→ M ′
µ′
−→ M ′′ → 0 be a GF-exact sequence of
R-modules and N an R-module. There are exact sequences
· · ·ExtnGF(M
′′, N)→ ExtnGF(M
′, N)→ ExtnGF(M,N)
̺n
MN−−−→ Extn+1GF (M
′′, N) · · ·
· · ·TorGFn+1(M
′′, N)
ςMN
n+1
−−−→ TorGFn (M,N)→ Tor
GF
n (M
′, N)→ TorGFn (M
′′, N) · · ·
with unmarked maps ExtnGF(µ
′, N), ExtnGF(µ,N), Tor
GF
n (µ,N), and Tor
GF
n (µ
′, N),
respectively. These sequences are natural in both arguments as in Proposition 2.4.
Proof. Fix proper Gorenstein flat resolutions γ : G → M and γ′′ : G′′ → M ′′.
Lemma 1.11 yeilds a commutative diagram
0 // G
γ

µ˜
// G′
µ˜′
//
γ′

G′′ //
γ′′

0
0 // M
µ
// M ′
µ′
// M ′′ // 0
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where γ′ is a proper Gorenstein flat resolution and the top row is degreewise split
exact. Applying HomR(−, N) and −⊗RN to the top row and taking (co)homology
yields the desired sequences. 
The next theorem is one of the main results of this section. It shows that the
vanishing of ExtnGF(M,−) measures the Gorenstein flat dimension of M .
Theorem 2.7. For an R-module M and an integer g > 0, the following conditions
are equivalent:
(i) GfdRM 6 g;
(ii) ExtnGF(M,−) = 0 for each n > g;
(iii) Extg+1GF (M,−) = 0;
(iv) For each Gorenstein flat resolution G → M and each integer n > g the
cokernel ΩnG is Gorenstein flat;
(v) M admits a proper Gorenstein flat resolution G → M such that the cokernel
ΩgG is Gorenstein flat.
Proof. The implications (i) =⇒ (ii) =⇒ (iii) are straightforward. The implica-
tions (v) =⇒ (iv) =⇒ (i) are standard results, using the fact M admits a proper
Gorenstein flat resolution. Thus, it remains to verify (iii) =⇒ (v).
Assume that Extg+1GF (M,−) = 0 and fix a proper Gorenstein flat resolution G→
M . Consider the follow exact sequence:
0→ Ωg+1G→ Gg+1 → Ω
gG→ 0 (2.7.1)
Since the resolution G is proper, it is routine to check that the sequence (2.7.1) is
GF-exact. Standard dimension-shifting arguments give an isomorphism
Ext1GF(Ω
gG,Ωg+1G) ∼= Ext
g+1
GF (M,Ω
g+1G) = 0
so Proposition 2.4 yields an exact sequence
0→ HomR(Ω
gG,Ωg+1G)→ HomR(Ω
gG,Gg+1)→ HomR(Ω
gG,ΩgG)→ 0
which shows that sequence (2.7.1) is split exact. Since Gg+1 is Gorenstein flat, it
follows from [17, (3.13)] that the same is true of ΩgG, as desired. 
We have a slightly weaker result for TorGF.
Proposition 2.8. Consider the following conditions on an R-module M and an
integer g > 0:
(i) GfdRM 6 g;
(ii) TorGFn (M,−) = 0 for each n > g;
(iii) TorGFg+1(M,−) = 0.
The implications (i) =⇒ (ii) =⇒ (iii) hold. When GfdRM is finite, the conditions
(i)–(iii) are equivalent.
Proof. The only nontrivial thing to check is the implication (iii) =⇒ (i) under the
hypothesis GfdRM < ∞. We show that Ω
gG is Gorenstein flat where G → M is
a proper Gorenstein flat resolution. Fix an injective R-module I. Since GfdR Ω
gG
is finite, it sufffices by [17, (3.14)] to show that TorR1 (Ω
gG, I) = 0. Consider again
the GF-exact sequence
0→ Ωg+1G→ Gg+1 → Ω
gG→ 0 (2.8.1)
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Since Gg+1 is Gorenstein flat, we have Tor
R
i (Gg+1, I) = 0 for all i > 1. A piece of
the long exact sequence gotten from applying TorRi (−, I) to (2.8.1) has the form
0→ TorR1 (Ω
gG, I)→ Ωg+1G⊗R I → Gg+1 ⊗R I → Ω
gG⊗R I → 0.
Thus, it suffices to show that the map Ωg+1G⊗R I → Gg+1⊗R I is injective. Apply
Proposition 2.6 to (2.8.1) in order to obtain the exact sequence
0 = TorGF1 (Ω
gG, I)→ Ωg+1G⊗R I → Gg+1 ⊗R I → Ω
gG⊗R I → 0
which shows that the desired map is injective. 
Remark 2.9. Fix a projective resolution P
π
−→ M and a proper Gorenstein flat
resolution G
γ
−→M . Lemma 1.10(a) yields a commutative diagram
P
ϕ

π
//M
=

G
γ
// M.
For each R-module N , apply HomR(−, N) and −⊗RN to ϕ and take (co)homology
to obtain homomorphisms
ηnMN : Ext
n
GF(M,N)→ Ext
n
R(M,N) δ
MN
n : Tor
R
n (M,N)→ Tor
GF
n (M,N).
The uniqueness statements in Lemma 1.10 imply that these maps are independent
of the resolutions and lifts chosen.
Using Lemma 1.10 it is routine to show that these maps are compatable with
the usual maps: Given R-module homomorphisms α : M → M ′ and β : N → N ′,
there exist commutative diagrams
ExtnGF(M,N)

ηn
MN
// ExtnR(M,N)

ExtnGF(M
′, N)

ηn
M′N
// ExtnR(M
′, N)

ExtnGF(M,N
′)
ηn
MN′
// ExtnR(M,N
′) ExtnGF(M,N)
ηn
MN
// ExtnR(M,N)
and similarly for Tor. Furthermore, Lemma 1.11 provides similar compatibility
with the connecting homomorphisms in the long exact sequences constructed in
Propositions 2.4–2.6 and those coming from the long exact sequences on the usual
derived functors. The interested reader is encouraged to build the diagrams and
verify their commutativity. We check one of these results explicitly, as it is used in
the sequel.
Proposition 2.10. Let 0 → M
µ
−→ M ′
µ′
−→ M ′′ → 0 be a GF-exact sequence of
R-modules, and let N be an R-module. The following diagram commutes
· · ·TorRn+1(M
′′, N)
δM
′′
N
n+1

// TorRn (M,N) //
δMN
n

TorRn (M
′, N) //
δM
′
N
n

TorRn (M
′′, N) · · ·
δM
′′
N
n

· · ·TorGFn+1(M
′′, N) // TorGFn (M,N)
// TorGFn (M
′, N) // TorGFn (M
′′, N) · · ·
where the top row is the usual long exact sequence in Tor, and the bottom row is
the long exact sequence from Theorem 2.6.
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Proof. Apply −⊗R N to the diagram given in Lemma 1.11 and take homology to
obtain the desired diagram. 
The next theorem shows that the bijectivity of the above maps characterizes the
modules of finite flat dimension.
Theorem 2.11. Let M and N be R-modules.
(a) If idRN <∞, then δ
MN
n : Tor
R
n (M,N)→ Tor
GF
n (M,N) is an isomorphism for
each n > 0.
(b) If N is cotorsion and fdRN <∞, then η
n
MN : Ext
n
GF(M,N)→ Ext
n
R(M,N) is
an isomorphism for each n > 0.
(c) If GfdRM is finite, then the following conditions are equivalent:
(i) fdRM <∞;
(ii) δM−n : Tor
R
n (M,−) → Tor
GF
n (M,−) is an isomorphism of functors for
each n > 0;
(iii) δM−n : Tor
R
n (M,−) → Tor
GF
n (M,−) is an isomorphism of functors for
each n > GfdRM ;
(iv) δM−n : Tor
R
n (M,−) → Tor
GF
n (M,−) is an isomorphism of functors for
n≫ 0.
Proof. (a) We prove this result by induction on n. The case n = 0 is covered
in Proposition 2.3, so assume n > 0. Let G → M be a proper Gorenstein flat
resolution and consider the GF-exact sequence
0→ Ω1G→ G1 →M → 0. (2.11.1)
Since G1 is Gorenstein flat, there are equalities
TorGFi (G1, N) = 0 = Tor
R
i (G1, N)
for each i > 1, where the first is from [17, (3.14)] and the second is by Prop-
soition 2.8. Applying Proposition 2.10 to (2.11.1) yields a commutative diagram
0 = TorRn (G1, N) //

TorRn (M,N) //
δMN
n

TorRn−1(Ω
1G,N) //
δΩ
1
GN
n−1
∼=

TorRn−1(G1, N)
δ
G1N
n−1
∼=

0 = TorGFn (G1, N) // Tor
GF
n (M,N) // Tor
GF
n−1(Ω
1G,N) // TorGFn−1(G1, N)
where the rows are exact. The two right-hand vertical maps are bijective by induc-
tion, and a routine diagram chase shows that δMNn is as well.
(b) The proof is dual to that of part (a), using Theorem 2.7 and [17, (3.22)].
(c) (i) =⇒ (ii) When fdRM is finite, we claim thatM has a proper GF-resolution
which is also a flat resolution. (Once this is shown, one sees that this resolution
computes both TorR(M,−) and TorGF (M,−), so the natural morphism between
them is an isomorphism.) Set g = GfdRM = fdRM <∞.
From [17, 3.23], we have an exact sequence
0→ K → G
φ
−→M → 0
such that φ is a Gorenstein flat precover and K is cotorsion with fdRK = g − 1.
Since K and M have finite flat dimension, so does G. Thus, the fact that G is
Gorenstein flat implies that G is flat. If g = 0, thenK = 0, so the isomorphismG
φ
−→
M gives the desired resolution. If g > 1, then an induction argument shows that
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K has a proper GF-resolution which is also a flat resolution; splice this resolution
with the above exact sequence to construct the desired resolution.
The implications (ii) =⇒ (iii) =⇒ (iv) are trivial. For (iv) =⇒ (i), the assump-
tion that GfdRM is finite yields Tor
GF
i (M,−) = 0 for all i≫ 0 by Proposition 2.8.
Thus, TorRi (M,−) = 0 for all i≫ 0, and this implies the finiteness of fdRM . 
The next example shows that a version of part (c) of above theorem does not
hold for (relative) derived functors of Hom.
Example 2.12. Let R be an integral domain that is not a field, with fraction field
K. Then GfdRK = fdRK = 0. Thus, by Theorem 2.11(c), we have Tor
GF
n (K,−) =
0 for n > 0. On the other hand, we have 1 6 pdRK, so Ext
1
GF(K,−) = 0 6=
Ext1R(K,−).
Theorem 2.13. Let M be an R-module. If GfdRM <∞, then
GfdRM = sup{i | Ext
i
R(M,K) 6= 0 for some K ∈ CF(R)}
= sup{i | ExtiR(M,F ) 6= 0 for some cotorsion flat R-module F}
= sup{i | ExtiGF(M,N) 6= 0 for some R-module N}.
Proof. Let g = GfdRM <∞. The equality
g = sup{i | ExtiGF(M,N) 6= 0 for some R-module N}
is by Theorem 2.7.
By [17, 3.14], there is an injective R-module I such that, TorRg (I,M) 6= 0. Let
E be a faithfully injective R-module E, and set F = HomR(I, E). Note that F is
flat and cotorsion. Then we have
ExtgR(M,F )
∼= HomR(Tor
R
g (I,M), E) 6= 0
by a version of Hom-tensor adjointness. This explains the first inequality in the
next display, while the second one follows from the fact that every cotorsion flat
R-module is in CF(R).
g 6 sup{i | ExtiR(M,F ) 6= 0 for some cotorsion flat R-module F}
6 sup{i | ExtiR(M,K) 6= 0 for some K ∈ CF(R)}
We prove the next inequality by induction on g.
g > sup{i | ExtiR(M,K) 6= 0 for some K ∈ CF(R)}
If g = 0, then [17, 3.22] implies that ExtiR(M,K) = 0 for all i > 1 and all K ∈
CF(R); this gives the desired inequality in this case. The inductive step g > 1
follows readily from a dimension-shifting argument applied to an exact sequence
0→M ′ → G→M → 0
such that G is Gorenstein flat and GfdRM
′ = g − 1. 
3. Base Change
The next result provides certain “approximations” of modules of finite Goren-
stein flat dimension.
Theorem 3.1. If M is an R-module with GfdRM <∞, then M has a monic CF-
preenvelope ϕ : M → K such that fdRK = GfdRM and cokerϕ is Gorenstein flat.
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Proof. Set g := GfdRM . We proceed by cases.
For the first case, assume that g = 0. Then M is Gorenstein flat, so a piece of a
complete flat resolution of M provides an exact sequence
0→M → Q→ C → 0
such that Q is flat and C is Gorenstein flat. Since Q is flat, there is a cotorsion flat
module K containing Q, such that the quotient H := K/Q is flat. (Specifically, K
is the “pure injective envelope” of Q; see the proof of [10, Proposition 2.1].) We
prove that the composition of inclusions M
ϕ
−→ K has the desired properties. Set
L = K/M . By assumption, we have C = Q/M , which is a submodule of K/M = L
such that L/C ∼= H . Since GfdR C = 0 = fdRH , we have Tor
R
1 (J,C) = 0 =
TorR1 (J,H) for all injective modules J by [17, 3.14]. From the short exact sequence
0→ C → L→ H → 0
and the associated long exact sequence in TorRi (J,−) we have Tor
R
1 (J, L) = 0 for all
injective J , so L is Gorenstein flat. Thus, from [17, 3.22] we have ExtiR(L,Q) = 0
for all i > 1 and all Q ∈ CF(R). From the short exact sequence
0→M
ϕ
−→ K → L→ 0
and the associated long exact sequence in ExtiR(−, Q), we conclude that ϕ is a
CF-preenvelope
For the second case, assume g > 0. From [17, 3.23], we have an exact sequence
0→ X → G
φ
−→M → 0
such that φ is a Gorenstein flat precover and X is cotorsion with fdRX = g − 1.
By the previous case, there is a second exact sequence
0→ G
α
−→ Q→ G′ → 0
such that α is a CF-preenvelope where Q is flat cotorsion and G′ is Gorenstein flat.
Consider the next push-out diagram.
0

0

0 // X //
=

G //

M //

0
0 // X // Q //

K //

0
G′

=
// G′

0 0
The middle row of this diagram shows that K is cotorsion with fdRK = g. Since
G′ is Gorenstein flat, we have Ext1R(L,Q) = 0 for all Q ∈ CF(R) by [17, 3.22].
Thus, the map M → K in the right-most column of this diagram has the desired
properties. 
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The next result connects “strict” and proper resolutions.
Proposition 3.2. Let M be an R-module such that g = GfdRM <∞.
(a) Then M has an augmented Gorenstein flat resolution
0→ Fg → · · ·F1 → G0 →M → 0
such that each Fi is flat cotorsion.
(b) Every augmented Gorenstein flat resolution
0→ Fn
∂n−→ · · ·
∂2−→ F1
∂1−→ G0
τ
−→M → 0 (3.2.1)
such that each Fi is flat cotorsion is proper.
Proof. (a) From [17, 3.23], we have an exact sequence
0→ X → G0
φ
−→M → 0
such that φ is a Gorenstein flat precover and X is cotorsion with fdRX = g − 1.
Remark 1.9 shows that X admits a resolution
0→ Fg → · · · → F1 → X → 0
such that each Fi is flat cotorsion. Splice the displayed sequences to find the desired
resolution.
(b) Since Fn and Fn−1 are cotorsion, it is straightforward to show that coker(∂n)
is cotorsion, and similarly for each Xi := coker(∂i) with i > 2. Furthermore, Xi
has finite flat dimension for all i > 2. Thus, we have ExtjR(H,Xi) = 0 for all i > 2,
all j > 1 and for each Gorenstein flat R-module H , by [17, 3.22]. Thus, each of the
following sequences is HomR(H,−) exact
0→ Xi → Fi−2 → Xi−1 → 0
0→ X2 → G0 →M → 0.
It follows that the sequence (3.2.1) is HomR(H,−) exact, hence proper. 
The remainder of this section is devoted to studying the behavior of these con-
structions along surjections R→ R/(x) = R where x is an R-regular sequence. For
convenience we set GF = GF(R)
Theorem 3.3. Let x = x1, . . . , xn ∈ R be an R-regular sequence and set (−) =
−⊗R R/(x). Let M be an R-module, and let N be an R-module. If GfdRM <∞
and x is M -regular, then GfdRM 6 GfdR(M), and for all n there are isomorphisms
ExtnGF(M,N)
∼= ExtnGF(M,N) and Tor
GF
n (M,N)
∼= TorGFn (M,N).
Proof. Arguing by induction on n, it suffices to consider the case n = 1.
Claim: if F is a cotorsion flat R-module then F is a cotorsion flat R-module.
By [9, (2.3)] there are injective R-modules Ei for i = 1, 2 such that F is a di-
rect summand of the flat R-module HomR(E1, E2). It follows that F is a direct
summand of the R-module
R⊗R HomR(E1, E2) ∼= HomR(HomR(R,E1), E2)
∼= HomR(HomR(R,E1),HomR(R,E2)).
The isomorphisms here are Hom-evaluation and adjointness. Since each module
HomR(R,Ei) is injective over R, the claim follows from [9, (2.3)].
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Set g = GfdRM < ∞. Proposition 3.2(a) provides a proper Gorensetin flat
resolution G→M of the form
G+ : 0→ Fg → · · · → F1 → G0 →M → 0
such that each Fi is cotorsion flat. Since x1 is R-regular, the proof of [20, 3.11]
shows that x1 is weakly G0-regular and G0 is Gorenstein flat over R. Since x1 isM -
regular, weakly G0-regular, and weakly Fi-regular for each i, we conclude from [5,
(1.1.15)] that G+ = G
+
is exact. In light of the above claim, Proposition 3.2(a)
implies that G is a proper Gorenstein flat resolution of M over R. In particular,
we have GfdRM 6 g.
Using this, the isomorphism for relative Ext follows from the next sequence.
Extn
GF
(M,N) =Hn(HomR(G⊗R R,N))
=Hn(HomR(G,HomR(R,N)))
=Hn(HomR(G,N))
=ExtnGF(M,N)
The isomorphism for relative Tor is verified similarly. 
Remark 3.4. In [20, 3.10–3.11], the following is claimed: Let M be an R-module,
and let x = x1, . . . , xn ∈ R be a sequence that is R-regular and M -regular. Set
(−) = −⊗R R/(x).
(a) If RfdRM <∞, then RfdRM = RfdRM .
(b) If GfdRM <∞ then GfdRM − n = GfdRM = GfdRM .
The following example shows that the first and third equalities fail, even when R
is a complete regular local ring.
Let k be a field and set R = k[[X1, . . . , Xa, Y1, . . . , Yn, Z1, . . . , Zc]] = k[[X,Y , Z]]
with a, c > 0 and n > 1. Consider the R-module
M = (Rp/(X)Rp)⊕ (Rq/(Z)Rq)
where p = (X) and q = (Y , Z). Then the sequence Y is R-regular and M -regular.
It is straightforward to show that fdR(Rp/(X)Rp) = a: indeed, the Koszul
complex KRp(X) shows that fdR(Rp/(X)Rp) 6 a, and the isomorphism
TorRa (Rp/(X)Rp, Rp/(X)Rp)
∼= Rp/(X)Rp
implies that fdR(Rp/(X)Rp) > a. Similarly, we have fdR(Rq/(Z)Rq) = c, so
fdRM = max{a, c}.
Set (−) = −⊗R R/(Y ). Then we have
M ∼= Rq/(Y , Z)Rq.
The next equalities follow from [17, (3.16)], with computations like the ones above:
RfdRM = GfdRM = fdRM = c
RfdRM = GfdRM = fdRM = max{a, c}
RfdRM = GfdRM = fdRM = n+ c.
It is worth noting that [20, 3.12] is correct since the only part of [20, 3.10–3.11]
needed for the proof is the inequality GfdRM 6 GfdR(M) from Theorem 3.3. Also,
the first equality in item (b) above holds; see Proposition 3.5 below.
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The error in the proof of item (a) above is as follows. The authors argue by
induction on RfdRM . In the induction step, the authors consider an exact sequence
0→ K → F →M → 0
where F is flat and RfdRK = RfdRM − 1. Since x is R-regular and M -regular,
it is weakly F -regular and weakly K-regular. However, the sequence x may not be
K-regular, that is, the module K may be 0. The induced sequence
0→ K → F →M → 0
is exact. The authors conclude by induction that RfdRK = RfdRK. If this were
true, then their desired conclusion would follow. However, one can have K = 0,
which does not allow for the desired conclusion.
The error in the proof of item (b) above is similar, coupled with an application
of item (a).
With Remark 3.4 in mind, an analysis of the proof of [20, 3.10–3.11] provides
the following. Note that the example in Remark 3.4 shows that, when fdRM <∞,
the quantity RfdRM can take on any value up to RfdRM , and similarly for Gfd.
Proposition 3.5. Let M be an R-module, and let x = x1, . . . , xn ∈ R be a sequence
that is R-regular and M -regular. Set (−) = −⊗R R/(x).
(a) There is an inequality RfdRM 6 RfdRM , with equality holding provided that
RfdRM <∞ = fdRM .
(b) One has GfdRM −n = GfdRM 6 GfdRM , with equality holding in the second
step when GfdRM <∞ = fdRM .
4. Relative Homological Algebra with Flat Cotorsion Modules
This section is based on the next application of Theorem 3.1.
Remark 4.1. LetM be an R-module with GfdRM <∞. Theorem 3.1 shows that
we can construct a proper CF coresolution M → C. As with the relative derived
functors from Section 2, the following relative derived functors of Hom with respect
to the class CF(R) are well-defined:
ExtnCF(N,M) = H
n(HomR(N,C)).
Theorem 4.2. If M is an R-module with GfdRM <∞, then
CF-idRM = sup{n | Ext
n
CF(N,M) 6= 0 for some R-module N}
= sup{i | ExtiCF(G,M) 6= 0 for some G ∈ GF(R)}.
Proof. Set g := CF-idRM and
s := sup{n | ExtnCF(N,M) 6= 0 for some R-module N}
t := sup{i | ExtiCF(G,M) 6= 0 for some G ∈ GF(R)}.
We show that g 6 t 6 s 6 g. The inequality t 6 s is routine.
Since GfdRM <∞, Theorem 3.1 provides a proper CF coresolution
0→M → Q0
∂0
−→ Q1
∂1
−→ · · ·
such that GfdRM = fdRQ
0 and fdRQ
j = 0 = GfdRGj for j > 1 where Gj :=
Ker∂j . Hence each exact sequence
0→ Gj → Q
j → Gj+1 → 0
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is CF-coexact. A long exact sequence argument implies that Exti+jCF (−,M)
∼=
ExtiCF(−, Gj) for i > 0 and j > 0.
For the inequality g 6 t, assume without loss of generality that t < ∞. Thus,
we have ExtnCF(Gj ,M) = 0 for all n > t and all j > 1. In particular, this implies
Ext1CF(Gt+1, Gt)
∼= Ext1+tCF (Gt+1,M) = 0. It follows that Q
t = Gt ⊕ Gt+1 and
hence Gt ∈ CF(R). We conclude that g 6 t, as desired.
For the inequality s 6 g, assume without loss of generality that g <∞. It follows
readily that the truncation
0→M → Q0 → Q1 → · · · → Qg−1 → Gg → 0
is a proper CF coresolution. Computing ExtiCF(−,M) from this resolution, we
conclude that ExtiCF(−,M) = 0 for all i > s. The inequality s 6 g now follows. 
Theorem 4.3. Let M be an R-module with GfdRM <∞, and let p ∈ N be given.
(a) The module M is p-cotorsion with fdRM < ∞ if and only if Ext
n
CF(G,M) =
0 = ExtnR(G,M) for n > p and each G ∈ GF(R).
(b) The module M is strongly p-cotorsion with fdRM < ∞ if and only if one has
ExtnCF(N,M) = 0 = Ext
n
R(N,M) for n > p and for each R-module N with
GfdRN <∞.
Proof. We recycle the notation M → Q and Gj from the proof of Theorem 4.2.
(a) For the forward implication, assume that M is p-cotorsion with fdRM <∞.
Then, in the CF-coresolution M → Q, for j > 1 the module Gj is flat. From [17,
(3.18)], we have ExtiR(G,Q
j) = 0 for all G ∈ GF(R), all i > 1, and all j > 0.
Thus, a long exact sequence argument shows that Exti+jR (G,M)
∼= ExtiR(G,Gj) for
j > 0 and i > 0. The fact that M is p-cotorsion implies that Ext1R(Gp+1, Gp)
∼=
Extp+1R (Gp,M) = 0. Thus, the following exact sequence splits
0→ Gp → Q
p → Gp+1 → 0.
We conclude that Gp is cotorsion flat and hence g := CF-idRM 6 p. Theorem 4.2
implies that ExtnCF(G,M) = 0 for n > p. Dimension-shifting again, for n > p > g,
we find that that ExtnR(G,M)
∼= Ext
n−g
R (G,Gg) = 0 for all G ∈ GF(R), as desired.
For the converse, assume that ExtnCF(G,M) = 0 = Ext
n
R(G,M) for each n > p
and each G ∈ GF(R). Theorem 4.2 implies that CF-idRM 6 p. In particular, we
have fdRM <∞ and Ext
n
R(F,M) = 0 for n > p and each flat R-module F .
(b) For the forward implication, assume that M is strongly p-cotorsion with
fdRM <∞, and let N be an R-module with g := GfdRN <∞. If g = 0, then the
desired conclusion follows from part (a). So assume g > 0. By Theorem 3.1 there
is an exact sequence
0→ N → K → G→ 0
with fdRK = g, such that K is cotorsion and G ∈ GF(R). For n > p, the fact
that M is strongly p-cotorsion implies that ExtnR(K,M) = 0. Part (a) implies
that Extn+1R (G,M) = 0, so the long exact sequence in ExtR(−,M) implies that
ExtnR(N,M) = 0. The proof of part (a) shows that CF-idRM 6 p, thus by Theo-
rem 4.2 we have ExtnCF(N,M) = 0 for n > p.
The converse is proved as in part (a). 
Corollary 4.4. Let M be an R-module with fdRM <∞.
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(a) If M is cotorsion and G ∈ GF(R), then ExtnGF(G,M)
∼= ExtnCF(G,M)
∼=
ExtnR(G,M) = 0 for all n > 1.
(b) If M is strongly cotorsion, then one has ExtnGF(N,M)
∼= ExtnCF(N,M)
∼=
ExtnR(N,M) = 0 for all n > 1 and all R-modules N with GfdRN <∞.
Proof. This follows from Theorems 2.11(b) and 4.3. 
We conclude by showing that Rid is a refinement of Gid over almost Cohen-
Macaulay local rings.
Theorem 4.5. Let M be an R-module.
(a) One has RidRM 6 GidRM .
(b) If GidRM <∞, then equality holds in part (a) when
(1) M is Gorenstein injective, or
(2) R is local such that dimR− depthR 6 1.
Proof. Assume without loss of generality that g := GidRM < ∞. We argue by
induction on g.
For the base case, assume that g = 0; we show that RidRM = 0. In this case,
M is non-zero and has a complete injective resolution
E = · · · → E−2
∂−2
−−→ E−1
∂−1
−−→ E0
∂0
−→ E1 → · · · .
Set Ni = Ker∂
−i for each i. For each R-module X and each n, d > 1, dimension-
shifting implies that ExtnR(X,M)
∼= Extn+dR (X,Nd). Assume that pdRX < ∞.
Then, using d > pdRX , we find that Ext
n
R(X,M) = 0 for all n > 1, so RidRM 6 0.
The inequality RidRM > 0 is from [6, (5.11)].
For the induction step, assume g > 1. By [17, 2.15] there is an exact sequence
0→M → G→ K → 0
such thatG ∈ GI(R) and idRK = g−1. Consider anR-moduleX with pdRX <∞.
The base case, coupled with the long exact sequence in ExtiR(X,−) implies that
ExtiR(X,M) = 0 for i > g, so RidRM 6 g.
To complete the proof, assume that R is local such that dimR − depthR 6 1.
Part of a complete injective resolution of G yields an exact sequence
0→ H → E → G→ 0
such that E is injective and H is Gorenstein injective. Identify G with E/H so
that the submodule M ⊆ G is of the form M = N/H for some submodule N ⊆ E.
It follows that we have E/N ∼= G/M ∼= K, hence the next exact sequence.
0→ N → E → K → 0.
Since idRK = g − 1, we have idRN = g. Since dimR − depthR 6 1, we conclude
from [6, (5.13)] that RidRN = g, so there is an R-module X with pdRX <∞ such
that ExtgR(X,N) 6= 0. Apply the base case to H , and use the long exact sequence
in ExtiR(X,−) associated to the sequence
0→ H → N →M → 0
to conclude that ExtgR(X,M) 6= 0. It follows that RidRM > g, as desired. 
Corollary 4.6. Let M be an R-module such that GidRM <∞.
(a) If dimR <∞ and GidRM 6 p, then M is strongly p-cotorsion.
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(b) If R is local with dimR − depthR 6 1, then M is strongly p-cotorsion if and
only if GidRM 6 p.
Proof. When dimR < ∞, we know from [18, 19] that an R-module has finite
flat dimension if and only if it has finite projective dimension. Thus, the desired
conclusions follow from Theorem 4.5. 
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